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o\ _ 

In this talk we discuss an improvement of the Diakonov-Petrov QCD Effective 
hJQ' Action. We propose the Improved Effective Action, which is derived on the basis 

i~^ ^ of the Lee-Bardeen results for the quark determinant in the instanton field. The 

Improved Effective Action provides proper account of the current quark masses, 
which is particularly important for strange quarks. This Action is successfully 
»vj ' tested by the calculations of the quark condensate, the masses of the pseudoscalar 

(N ■ 



meson octet and by axial-anomaly low-energy theorems. 

1 Introduction 



> 

Xf^ . The properties of tiie hadrons and their interactions are strongly correlated 

■"sj" ' with the properties of QCD vacuum. All of these properties are concentrated 

>0 . in the Effective Action in terms of quasiparticles. A very successful attempt to 

construjct this one was made by Diakanov and Petrov (DP) in 1986 (see recent 
papers 111 and recent detailed review □ and references therein) . Starting from 
the instanton model of QCD vacuum, they postulated the Effective Action on 
the basis of the interpolation formula for the well known expression for the 
light quark propagator S± in the field of the single instanton(anti-instanton) 
^H. S± K. Sq -\- $±,o*i'±,o/*"^- Here 5o = {id)^^ and <I>±_o are the quark zero- 

modes generated by instantons^. This approach was extended XnNf — i case 
U with account of the fluctuations of the number of instantons u. 

Without any doubts instantons are a very important component of the 
^^ . QCD vacuum. Their properties are described byJjhe average instanton size p 

^—^ ' and inter-instanton distance R. In 1982 ShuryakH fixed them phenomenolog- 

^ ically as 

p= 1/3 fm, R=lfm. (1) 

From that time the validity of such parameters was confirmed by theoretical 
variational calculations B and recent lattice simulations of the QCD vacuum 
(see recent review Q) . 



°'^±.\ is the eigen-solution of the Dirac equation {id + gA±)^±x = ^"^i.A in the 
instanton(anti-instanton) field A±^ij^{x;^±). 
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The presence of instantons in QCD vacuum very strongly affects light 
quark properties, owing to instanton-quark rescattering and consequent gen- 
eration of quark-quark interactions. 

These effects lead to the formation of the massive constituent interacting 
quarks. This implies spontaneous breaking of chiral symmetry (SBCS), which 
leads to the collective massless excitations of the QCD vaccum-pions. The 
most important degrees of freedom in low-energy QCD are these quasiparti- 
cles. So instantons play a leading role in the formation of the lightest hadrons 
and their interactions, while the confinment forces are rather unimportant, 
probably. 

These features of the vacuum are concentrated in the fermionic deter- 
minant detjv (in the field of N^ instantons and N^ antiinstantons), which 
was calculated by Lee&Bardeen El (LB), who found an amusing result for this 
quantity: 

detAT = deti?, Bij = imSij + aji, (2) 

and ttij is the overlapping matrix element of the quark zero-modes $±,o gen- 
erated by instantons(antiinstantons). This matrix element is nonzero only 
between instantons and antiinstantons (and vice versa) due to specific chiral 
properties of the zero-modes and equal to 

a-+ = - < $-,o|«a|$+,o > . (3) 

The overlapping of the quark zero-modes provides the propagating of the 
quarks by jumping from one instanton to another one. So, the determinant 
of the infinite matrix was reduced to the determinant of the finite matrix in 
the space of only zero-modes. From Eqs. (||), (g) it is clear that for Af+ ^ iV_ 
detAT ~ ?Til-'^+~^- 1 which will strongly suppress the fluctuations of \N+ — A^- 1. 
Therefore in final formulas we will assume N+ = N- ~ N/2. 

In (m) we observe the competition between current mass m and overlap- 
ping matrix element a ~ p^R~^ . With typical instanton sizes p ^ 1/3 fm and 
inter-instanton distances R ^ If in, a is of the order of the strange current 
quark mass, mg — 150 MeV. So in this case it is very important to take 
properly into account the^cumpnt quark mass. 

In our previous work BE3ii3 we showed that the constituent quarks appear 
as effective degrees of freedom in the fermionic representation of det_B. This 
approach leads to the DP Effective Action with a specific choice of these 
degrees of freedom Ed. DP Effective Action is a good tool in the chiral limit 
but failed beyond this limit. This 0|ap_.was checked by the calculations of the 
axial-anomaly low energy theorems BE30. So this Action is hardly applicable 
to the strange quarks. 
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The fermionisation of det B is not unique procedure and another fermionic 
representation of det B leads to a different choice of the degrees of freedom in 
the Effective Action. 

Within this approach we are able to find an Improved Effective Action 
which is properly taken into account current quark masses. This Improved 
Effective Action is checked against direct calculations of the quark condensate, 
the masses of the pseudoscalar meson octet and against axial-anomaly low 
energy theorems beyond the chiral limit. 



2 The Derivation of the Improved Effective Action 

The effective action follows from the fermionic representation of the det at t3l3. 
This is not a unique operation. The problem is to take a proper representation 
which will define the main degrees of freedom in low-energy QCD-constituent 
quarks. _. 

Let us rewrite the detjv following the idea suggested in Ej. First, by 
introducing the Grassmanian (iV_|_,iV_) vector Q — {ui...un^,vi...vn_) and 
Cl = (ui...ujv+, ui...ujv_) we can rewrite 



det AT = / dndne-xpi^Bn), (4) 



+ 



The next step is to introduce N^ , N^ sources 77 = (77+ , ?/_ ) and A^_ , A'_|_ 

sources fj — {fj-, J7+) defined as: r7_ = $^ o''^-(* ^ ~^ im), 

7^_i_ = $^Q?i_|_(i9 +im), r]j^_ = (ic' + OTi)$+^oS+i V- = (i9 + im)<I'_.oW-. Then 
by using the properties of the zero-modes $±,0 and (0) {VtBVt) and detjv can 
be rewritten as 

(ptBVl) = —fj+{id + im)~^r]+ — fj^{id + im)~^T]^ (5) 
fi-{id + im)~ rjj\- — f]-\-{id -\- im)~ rj- 

detjv = (det(i(9 + im)j / dfldClDipDip^ exp / dx[ij^{x){id + im)^{x) 

+ fj+{x)')p{x) + fi-{x)ip{x) + 'ip''{x)ri+{x) + ^'' {x)r]^ (x)] (6) 

The integration over Grassmanian variables 51 and Cl (with the account of 
the Nf flavors det^r = 11/ det_B^) provides the fermionized representation of 



musakhanovS: submitted to World Scientific on February 7, 2008 



Lee& Bardeen's result for detiv in the form: 



detAT = / DV'L'V'^ n '^^P^ / d'^^i'liid + irnf)^f) (7) 

J f •' 

+ 

V±[^),i^f] ^ Jd^^ {i^}ix){td + *m/)$±,o(x;C±)) (8) 

X / A ($i^o(2/;C±)(«9 - im/)V'/(y)) . 



Eq. (ph exactly represents the fermionic determinant in terms of constituent 
quarks "0/. This expression differs from the ansatz on the fixed N partition 
function postulated by DP by another account of the current mass of quarks. 
Keeping in mind the low density of the instanton media, which allows 
independent averaging over positions and orientations of the instantons, Eq. 
(^ leads to the partition function 



(9) 



where at arbitrary Nf the integration over ^± leads to 

W±=J dC±YlV±[^}4,f] = i-^ff^^j J —detf{^J±{z)). 

(10) 
Here 



^±W/.- / '^M^e^'''-'''^'Fiki)F{k,)i:\ik,)i'^^^ 



imgk2lTl5 iTO/fcil±75 m/mgfcifc2 1 T 75 



)V's(fc2). (11) 



' 1,2 9 jL2 9 ' 1,2 1,2 9 yV'S 

rv'-) Li rill Li r\i-\ ixi'^ Li 

The form-factor E{k) is related to the zero-mode wave function in momentum 
space ^±{k]£,±) tJ. 

The two remarkable formulas 

(a6)^= f dXexp{Nln^-N + Xb) {N»l). (12) 
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and 



exp{Xdet[iA])= I d<Pexp -^{Nf-l)X "f-' {det^)"f-' + itr{<PA) (13) 

have been used here. Formula (02) leads to exponentiation, while (|l3) leads to 
the bosonization of the partition function (pi). Starting from these formulas, 
we find our main result 

Zn^ f dX+dX-D<^+D<i>_exp{-W[\+,^+;\-,<i>-]) , (14) 



where 



47r2p2\^/ N._ 



H^[A+,$+;A-,$-] - -E ^±1^[ ^^ ^] ~^± +w^ + w^, 



w^ 



/"d4a;^(iV/-l)A±"^ '(det$±)"/-S 



1±75 

imgk2lTl5 im/fcil±75 TO/TOgfciA:2 1 T 75 



u;^ = -Tr ln(-fc + im/ + iF{ki)F{k2) J^ ^±,9f i^i ~ fe)( „ 



it2 9 P 9 4-21,2 



-)(-fc + im/)-i). (15) 



Variation of the total action W^[A+, $+; A_$_] over X±, ^± must vanish in 
the common saddle-point. In this point X± — A, $±,/g = $±,/g(0) = MfSfg. 
This condition leads to the momentum dependent constituent mass Mf{k) = 
MfF'^{k) are calculated from the saddle-point equations 

AVN, f d^k M§FHk) 
N J (27r)4fc2 + Af2F4(fc) ' ^ '' 

We keep here only 0{mf) terms and define A{f = Mq + jruf. The solution of 
the saddle-point equations (O), ( p7[ ) corresponding (|l|) are Mq = 340 MeF 
and 7 = —1.75. 

Finally, the constituent quark propagator has a form: 

S ^ (id + i{mf + MfF^))-^, (18) 

where Mf are given by (|lq), ([l7|). 
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3 Tests for the Improved Effective Action 

Improved and DP Effective Actions coincides in chiral limit. So, we may 
expect essential differences in the results only beyond this limit. 

We will test (|5|) by calculating the quark condensate, the masses of the 
pseudoscalar meson octet and axial-anomaly low-energy theorems, which will 
be reduced to the calculations of the specific correlators. 
The quark condensate and the pseudoscalar meson masses. 

First, we calculate the quark condensate by using the evident formula 



I < i^l^f > ^ v-'z^ g^ 



f 






6mf ^-—^ 6^± 6^± Smf 

+ Tri[{-k + imf + iF^Mf)-^ - (-fc + im/)-^]. (19) 

Another way is to calculate it directly 

i < ipjipf > = Tri[(-fc -I- imf + iP'^Mf)'^ - {-k + im/)^^]. (20) 

The first term in (n9|) vanishes at the saddle-point and we have a perfect equiv- 
alence of the two calculations oLLtLe-fondensate, in contrast with analogous 
calculations with the DP ActiontlM-B. With the formula (|20|) we get 

/t / _ Ar /■ fc^*% mf + MfF^{k) mf 

Simple numerical calculations by using (119); (O) leads to the 

z < V^V- > |™=o = 0.0171 GeV^ < ^^"^ > \"^=0-^'^ i = _o.5. (22) 

It is clear from (p3) that the calculations with Improved Effective Action lead 
to the expected dependence on the current mass. 

Now I will calculate the masses of the pseudoscalar mesons. The matrices 
$±, whose usual decomposition is <I>± = exp(±|(/))Mcrexp(±|0), cj) and a 
being Nf x Nf matrices, describes mesons and Mfg — MfSfg. At the saddle- 
point tr = 1, = 0. The usual decomposition for the pseudoscalar fields 
(j) = ^g Xi(f)i may be used. These mesons are considered as a small fluctuation 
near the saddle point. The linear on (j) term in ( p^ ) is equal zero at the 
saddle point and we consider the next 0{(fP) terms. There is no contribution 



from w^ since u;$ ~ {Y[f Mf) "f ^ = const. On the other hand w^ makes a 
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contributions like one-point and two-points diagrams 

w^ = 

-Tr V[(-fc + i(m/ + MfF^{k)))-^F^{k)^^{M<l)^ + (t>^M + 20M(/))// 

/ ^ 

+ 1 E,((-fci + *K' + MfF\k,)))-^F{k,)F{k2){M<jy{p) + ct>{p)M)fg ^23) 

X75(l - ^ - ^)(-fc2 + zK + M,F2(fc2)))-^ 

"'2 "-1 

xF(fc2)F(fci)(A^0(-p) + 0(-p)M),/ - '-^)] 

where p = ki — k2. First p — O-term is considered. From the saddle-point eqs. 
® , (0) we get 

1 ^ ^2 

w^|p=o = i^J < VV > i'^m'^cj)^^ + {rris + m)'^(P^ + -{2ms + in)(j)l){2'i) 

^ 1 4 *^ 

Then m'j^/m'^ — {nis + m)/2'm = 13.5 and mf /m^ = {2vis + m)/3m = 
17.7 where to„ = to^ = tti ~ 5MeV and ttIs ~ 130 Mey were used. The 

2 2 

experimental values of the masses lead to ^^^ = 13.4 and —^ = 16.5. 

The calculation of the p^-term in w^ provides a normalization factor. 
Since p — O-term is in the order of m (and its 0{m^) contributions were 
neglected) we calculate p^-term in the chiral limit m = 0. Then p^-term in 
w^i; is extracted from 

-c^{p)<t>{-p)iN, ^ "^'^ MiF\k2)F\k^){k,k2 + MiF\k,)F\k2)) 



^-ry^j-r, ^j cj ^^^y [kf + M^F^ik^H + M^F^ik^)) 

= ^0(P)0(-P)(^-/.V) (25) 

Combining this result with the calculations of the p = O-term we get 

2 i < ip'^ip > 2to 
"^- = 72 

./tt 

and all of other masses of octet of the pseudoscalar mesons. Therefore, Im- 
proved Effective Action successfully reproduce the current algebra results. |_. 
The next test is related tn_axial-anomaly low-energy theorems {LET)lA 
These theorems were used in aM to check DP Effective Action. The DP Effec- 
tive Action was able to reproduce LET only in chiral limit and failed beyond 
this limit. 
LETl. Nonvanishing of the rj' meson mass ?7i^/ even in chiral limit (due to 
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axial anomaly) implies that for real photons the matrix element of the diver- 



gence of the singlet axial current vanishes in the q^ << mi, limit, giving rise 



to the following low energy theorem (LETl): 

2 2 

(0|A^/Y|^GG|27) + 2z5]m/(0|^}75V'/|27) = ^c^^Q'/F«F(2), (26) 
/ / 

where F^^^J — ei^^j^qi^i, — ei^^qi^^ and qi, e^ [i = 1,2) arc the momentum and 



polarization vectors of photons and q ^ qi + q2 respectively. Eq. (M) is 
an exact low energy relation, which cannot be fulfilled in the framework of 
perturbation theory. Only a nonperturbative contribution of order g~^ - as 
the one provided by instantons - may cancel the factor g^ at the first term of 
the l.h.s.. The first term of the l.h.s. in ( pq ) is calculated from three-point 
correlator of the operator g^GG and two operators of the electromagnetic cur- 
rents. The operator g^GG generates the vertex i f F^ Mf N7^ 75, where f{q^) 
is a momentum representa±Kin of the instanton contribution in the operator 
g'^GG{x) and /(O) = 327r^ Elll3. At small q^ this vertex is reduces to 

32Tr^i F^ Mf Ny^ -f5 (27) 

Then, the three-angular diagrams corresponding to the the anomaly contri- 
bution (the first term in the l.h.s. of (pq)), with vertices (|27|), eQf^^ and 
propagator ( [l8|) leads to 

2iNce'^Q}F''^'^F'-^'^Tf, (28) 

where Tf, the factor coming from the diagram of the process considered, may 
be calculated analytically if we approximate the form factor i^ by 1. In this 
approximation 

■'' 87r2(M/-f-m/) ^ ^ 

In the same approximation the current mass contribution (the second term in 
the l.h.s. of ^)) leads to 

2^N^e'Q}FWF(' \ J^^ (30) 

■' 8n''(Mf + mf) 

At the next step we combine (ESh and (3^) and sum up over flavors. As 
a result, the l.h.s. and the r.h.s of eq. (2m coincide with each other. So, 
Improved Effective Action immediately fulfills low energy-theorem LETl iEffl) 
even beyond the chiral limit in contrast with DP Effective Action result ET 
If we take into account the form factor F in ( P8[) , (|3(]| ) and give the model 
parameters the values (0), we findEl a variation of ~ 17%. 
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LET2, LETi. Further tests for Improved Effective Action can be obtained 
from the matrix elements of the divergence of the singlet axial current between 
vacuum and meson states. Neglecting 0{jm?) terms, we get the following 
equations: 

(0|iV/^GGh) = -2zm.(0|Vl75V's|r7), (31) 

(0|A^/y|^GG|^°) = -i{mu - mrf)(0|7Atr375^k"), (32) 

which we call LET2 and LETS respectively. These matrix elements are re- 
duced to two-point correlators. It is rather easy to show that Improved Ef- 
fective Action satisifies LET2 (|^) and LETS (||). 

From previous considerations it follows that the factor g^GG generates the 
vertex iMfF^^^NJ^ and the 77-meson gives rise to iMsXgF^j^. The structure 
of the mass matrix M is 

M = Mo + lim.i^ - -^Ag) + "lu^-^ + rna^-^). (33) 

Then at small q (and neglecting rriu^d) 



167r2 '" 73 y (27r)4 ' '\{MsF'^{k) + tUs 



Ml 



'0 
Expanding (p4) over TOs, we get 



{AqF^{k) + k^Y' 



(34) 



m.^.OG\,) ^ -i^ / ^.-(.)Mo r,-!^;S . (35) 



167r2 '" 737 (27r)4 ^ ^ " (fc2 -f M§F\k)) 

From eq. ( fij\ ) for the 7-factor we find that 

r d-^k k'^F'^ik) _ r d^k {MlF^{k)-k^)F^{k) 

^ J (2^)4 (fc2 + M2f 4(fc))2 - ] (2^)4 (fc2 + M^F^ik))^ ^^^' 



It is clear now that by using (|36|) the l.h.s of ( plD is reduced to the r.h.s. of 
(pl|), which is equal to 



2im,(0|V'l75V'sh) = 7:r- I /o-^4 ,,?, , nj2p4n.^ - (37) 



16A^cm, r d^k MoF^{k) 

1/3~J (2^)4fc2 + Af2f4(fc)- 

The calculations with LETS (H) are almost the same as with LET2 (|l|). 



Again, by using (36) l.h.s. and r.h.s. of (|32| ) coincide with each other. Hence 
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Improved Effective Action satisfies LET2 and LETS, (|l|) and {^ respec- 
tively. For comparison, DP Effective Action failed to reproduce these LET2 
and LETS EJ. 

Therefore, Improved Effective Action generates correct current mass de- 
pendence of the vacuum quark condensate, reproduces current algebra results 
for the masses of the pscudoscalar meson octet, satisfies low-energy theorems 
LET2, LETS for the two-point correlators (Rn) and (p2|) respectively and 
also satisfies LETl for the three-point correlator (p^) even beyond chiral 
limit. We conclude that Improved Effective Action works properly beyond 
chiral limit and provides the background for taking into account strange 
quarks. 

I would like to thank the organizers of the Second International Conference 
on Perspectives in Hadronic Physics for the invitation and M.Polyakov 
and C.Weiss for the useful discussions. I acknowledge a partial support by 
ICTP, the grant INTAS-96-0597ext and the State Committee for Science and 
Technology of Uzbekistan. 
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